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Abstract 

We consider the two-dimensional Euler equation with periodic boundary con- 
ditions. We construct time quasi-periodic solutions of this equation made of lo- 
calized travelling profiles with compact support propagating over a stationary 
state depending on only one variable. The direction of propagation is orthogonal 
to this variable, and the support is concentrated on flat strips of the stationary 
state. The frequencies of the solution are given by the locally constant velocities 
associated with the stationary state. 
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J3 '. 1 Introduction 

en ■ We consider the two-dimensional Euler equation written in terms of vorticity 

cn 

O ■ dtUj + u-Vuj = 0, 



where uj{t,x,y) G M, V = {dx,dy)^ with {x,y) G T^ the two-dimensional torus 
vrZ)^. The divergence free velocity field u is given by the formula 



C^ i u = JVip with tj) = /S. uj, where J = \ -i n ) ' i^-^) 

J is the canonical symplectic matrix. Here A~^ is the inverse of the Laplace 
operator on functions with average on T^. We can rewrite this equation as 

dtOJ + {ii,uj} = 0, 

(1.2) 

AV' = w, 

with the 2D Poisson bracket for functions on T^: 

{f.9} = {dj){dyg)-{dyf){d.,g). 



The equation (1.2) possesses many stationary states. For all functions F : M i— >■ 
M and ^'^ : T^ — )■ M satisfying A^*^ = F{ijj^), then the couple of functions 
u}{t, X, y) = F{'il)^{x, y)) and V'(i, x, y) = iIj^{x, y) solve (1.2). We refer to [1, 4, 5, 
8] for further analysis of these particular solutions. 

Another class of stationary states are given by functions depending only 
on one variable (shear flows): for any smooth V{x) periodic in x, the couple 
u{t,x,y) = V"{x) and tp{t,x,y) = V{x) is solution of the 2D Euler equation. 
Note that u{x) = (0, V'{x))^. 

The goal of this paper is to construct solutions of (1.2) of the form 

K 
uj{t, x, y) = V"{x) + Y, ^k{x, y - Vkt), (1.3) 

fc=i 

where the functions Qk are localized around points {xk,yk) G T^ such that 
V"{x) = in a neighborhood of Xk which correspond to flat strips of the station- 
ary state V"{x). The points yk are arbitrary points in [0,27r], and Vk = V'{xk) 
is the locally constant velocity associated with V"{x). The profiles Qk are con- 
structed as stationary states of the 2D Euler on M? with radial symmetry around 
{xkiUk)-, compact support and zero average. 

This very simple and explicit construction allows to construct quasi-periodic 
solutions to the 2D Euler equation corresponding to invariant tori of any given 
dimension in the dynamics. Let us stress that this is in surprising contrast with 
the traditional situation in nonlinear Hamiltonian PDEs such as Schrodinger and 
wave equations for which the construction is much more difficult and requires in 
general the use of Nash-Moser or KAM iterations, see for instance [6, 3, 9, 7, 2]. 

2 Construction 

Let V{x) be a periodic function with zero average in x G [0,27r]. We make the 
following assumptions on V: 

Hypothesis 2.1 Let i^ G N. For all k = 1, . . . , K , there exist au < bk in [0, 27r] 
such that for all j,k £ {1, . . . , K}, we have [aj, bj] n [a^, bk] = 0, and such that 
V"{x) =Oforx£ [ak,bk]. 

This hypothesis implies that for x G [ak,bk], V'{x) =: Vk is constant. Let us 
seek a solution uj{t, x, y) under the form 



Hi, X, y) = V"{x) + ^ Xk{t, X, y), 



where for all k, Xfc(i,x,y) is of zero average, and the support of Xk and A ^Xk 
is included in ]ofc, bk[. This implies in particular that for all j and k, 

{A'^X,,Xk} = for j^k. 

Inserting this decomposition into (1.2), we thus obtain 

K 

Y, {dtXk + {A- V", Xk} + {A-^Xfc, V"} + {A-\k, Xk}) = 0. (2.1) 

k=l 

We seek for travelling wave solutions Xki^jX^y) = VLk{x,y — Vkt). Equation 
(2.1) then becomes 

K 

Y, {{y'ix) - vk)dynk - v"'{x)dyA-'nk + {A-'nk, n^}) = o, 

k=l 

where ^.^{x, y) and ^^(x, y) = A~^Q.k have compact support in ]afc, 6fc[xT. Using 
Hypothesis 2.1, we have: V'" {x) = and V'{x) = v^ for x G [afc,fefc] C [0,27r]. 
As the intervals [a^, 6^] are pairwise disjoints, the system of equations to solve is 
hence: For all A; = 1, . . . , X, 

{^fc,Ofc}(j;,y) =0 and A^k{x,y) = Vlk{x,y), (x,?/) G [a^, 6^] x T. (2.2) 

In other words, the couple ($7^,^^) is a smooth stationary state of the Euler 
equation with support on the flat strip ]a/c, fefcixT C T^. 

To prove the existence of such functions (O^, ^fc), take k G {1, . . . , K}, and 
fix {xk,yk) G]«fc, ^fc[x[0, 27r]. Let us perform the local action-angle change of 
coordinates x — x^ = V^cosO, y — yk = \/2rsin0 for (x,y) close enough to 
{xkiUk)- The jacobian matrix is 

/ ^cos^ ^sin^\ 
\— V2rsin0 \/2rcos6l 

and we verify that this matrix satisfies M'^JM = J, which means that the 
change of coordinate is symplectic. Hence this transformation preserves the 
Poisson bracket and if we define ^^(r, 0) = ^fc(x,y) and Vlk{r,6) = Vtk{x^y) we 
have 

{^k,^k} = {d^^k){dy^k) - {dy^k){d.^k) 

= {dr^k){de^k) - {dei>k){dr^k) = {*fc,^fc}- 
The Laplace operator in coordinate (r, 9) is 

A/ = 2{drf + rdrrf) + ^ 

Ir 



Now take a smooth function ^fc(r) on [0, +00] such that L °° ^fe(r)dr = 
and with compact support in r < min(|rcfc — ak\,\xk — bk\)- Set 

Qk{r) = A§fe(r) = 2(§',.(0 + ^^fe W)- 

We verify that r2fc(r) has compact support, that L r2fc(r)dr = 0, and that 
{^fc, Qfc} = as ^fc and Clk only depend on r. Going back to the variables (x, y), 
we verify that the function (rifc(x,y), ^^(x,^)) extended by outside the strip 
jofc, 6fc[xT satisfies (2.2) and are of zero average on T^. 
This proves the following result: 

Theorem 2.2 Assume that V = V{x) is a periodic function with zero average 
satisfying Hypothesis 2.1. Then for all k = 1, . . . ,K, there exists points {xk, Vk) S 
]ofc)&A:[x'r and zero average functions {^k,^k) with compact support in ]ak,bk[xT 
and radial symmetry around {xi.,yi.) such that the couple 



K 

fc=i 



'{t, X, y) = V"{x) + ^ ^k{x, y - Vkt), 
and 



K 

i'it, X, y) = V{x) + ^ "^kix, y - Vkt), 
k=l 

with Vk = V'{xk) is a quasi-periodic solution of (1-2). 
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